Hedging with interest rate caps compared with a policy of maintaining a balanced portfolio of loans (PLA) and averaging the borrowing costs by David E. Allen & Quinten Steyn
Hedging with interest rate caps compared with a policy of maintaining a balanced 













School of Accounting, Finance and Economics 
Edith Cowan University 
 
School of Accounting, Finance and Economics & FIMARC Working Paper Series 
Edith Cowan University 
July 2007 












                                                 
1 D.E.Allen, School of Accounting, Finance and Economics, Edith Cowan University, 
Joondalup Campus, 100 Joondalup Drive, Joondalup, WA 6027. Tel 61863045471, email 
d.allen@ecu.edu.au 
 
   2 
Abstract 
 
This paper compares two different strategies for managing interest rate exposure. One 
involves maintaining a borrowing portfolio using short and long term debt lines in 
order to maintain an average borrowing cost. The second involves using interest rate 
caps to manage exposure to interest rate risk.  The two strategies are compared using a 
set of daily quarterly rates from three months out to 10 years (120 months) of BBSW 
zero rates, par rates and forward rates from June 2000 to September 2006. The data 
set  of  implied  volatilities  (Appendix  I  used  for  interest  cap  quoting  and  pricing) 
consists of volatilities for 1, 2, 3, 4, 5, 7 and 10 year maturities; the data set is made 
up of daily closing mid-quotes for the period.  
We  examine  whether  interest  rate  caps  would  be  a  better  alternative  for 
minimising interest rate risk as compared to a structure that combines a portfolio of 
rolling  short-term  debt  with  one  of  rolling  long-term  debt  lines.  Using  principal 
component analysis (PCA) we explore the behaviour of, and the number of factors 
driving volatilities. As caps are quoted in terms of implied volatilities, and we know 
Black’s (1976) model is very sensitive to changes in these volatilities. We use PCA to 
examine the factors driving cap price volatilities. We explore the best way of using 
caps to manage interest rate risk. This should help us understand what factors affect 
cap prices and how many factors might be used in the interest rate models used to 
price interest rate derivatives such as caps and floors. We use Sharpe ratios to assess 
the relative borrowing costs of different strategies in relation to the volatility of their 
outcomes. We examine whether interest rate caps would be a more efficient method 
for minimising interest rate risk as compared to the a portfolio of loans. 
 
Keywords: Hedging with interest rate caps, vegas, Sharpe ratios, principle 
components analysis 
Jel Codes: G11, G12, G13   3 
1. Introduction 
 
This  paper  contrasts  two  different  ways  of  managing  interest  rate  risk:  the  first 
involves a portfolio lending arrangement which involves minimising interest rate risk 
through a structure which combines a portfolio of rolling short-term debt with one of 
rolling long-term debt lines; thereby providing an average borrowing cost across the 
yield curve and through time. The second features the use of interest rate caps to 
manage interest rate risk. We contrast the two approaches using an Australian data set 
on interest rates and interest rate caps. Theoretical work in the area of interest rate 
derivatives has produced a variety of models and techniques to value interest rate 
caps, some of which are extensively used by practitioners.
2  
 
The standard models used to value these instruments are based on of Black’s (1976) 
model.  This  model  was  originally  developed  for  valuing  options  on  commodity 
futures, but has found many other applications in financial engineering. Interest rate 
caps are a series of options on interest rates (each option is called a caplet). Typically, 
they pay the difference between the market (reference) interest rate and the negotiated 
“cap” rate. The reference rate to be used is set at the beginning of the transaction. The 
Reference Rate provides a benchmark interest rate. A commonly used rate is the Bank 
Bill Swap Rate (BBSW) or the Bank Bill Swap Bid Rate (BBSY). These are market 
reference  rates  for  Australian  dollar  bills  of  exchange  for  particular  terms.  The 
reference rate is usually the same as the base rate applying to your underlying bank 
bill facility. The reference rate applies for set periods, called calculation periods. If the 
market rate is below the cap rate, there is no  payment (that is the option is “not 
exercised”).  This  is  different  to  swaps,  where  payments  are  exchanged  at  every 
settlement date. When Black's (1976) model is used to value a caplet, the underlying 
interest rate is assumed to be lognormal. When it is used to value swaptions, however, 
it is the underlying swap rate that is assumed to be lognormal. Interest rate caps are 
option products, and as such share certain common characteristics with all options, 
such as: 
 
                                                 
2 The early models, many of which are still widely used, include those by Black (1976), Vasicek 
(1977), Cox, Ingersoll and Ross (1985), Ho and Lee (1986), Heath, Jarrow and Morton (1990), Hull 
and White (1990), Black, Derman and Toy (1990), and Black and Karasinski (1991). Several variations 
and extensions of these models have been proposed in the literature in the past decade.   4 
￿  An upfront premium is usually required to purchase a cap. 
￿  The value of a cap depends upon how volatile interest rates are expected to be 
over the life of the cap. 
￿  The longer the maturity of the cap, the more expensive the cap will be. 
￿  A cap provides the user “insurance” against higher interest rates. 




The cap price (premium) has two major components: 
1.  Intrinsic Value - When the strike of the cap is lower than the implied forward 
rate, the cap is said to have Intrinsic Value. Higher intrinsic value leads to a 
higher  premium.  The  implied  forward  is  the  market  expected  rate,  and 
therefore if we seek a guarantee of a lower rate, the expected value of the cap 
is positive, so it has Intrinsic Value. A cap that has a strike lower than the 
implied  forward  (i.e.  has  positive  Intrinsic  Value),  is  described  as  In-The-
Money (ITM). A cap with negative Intrinsic Value is described as Out-The-
Money  (OTM).  A  cap  set  at  the  implied  forward  is  described  as  At-The-
Money (ATM) Forward. A cap set at the current Libor level is At-The-Money 
(ATM) Spot.  
 
2.  Time Value - The cap is a guarantee of a future rate. The implied forward rate 
will change over time as the market changes its view of future rates. The price 
of the cap will therefore depend on the likelihood that the market will change 
its view. This likelihood of change is measured by volatility. An instrument   5 
expected to be volatile between entry and maturity will have a higher price 
than a low volatility instrument. The volatility used in calculating the price 
should be the expected future volatility.  
 
Caps have two major Target Markets: 
1.  Borrowers - For borrowers who have loans that reset against Libor, caps offer 
an ideal method of providing a maximum cost of interest. Here the cap is used 
like an insurance policy. The buyer purchases insurance against Libor rising 
above a certain level and pays a premium. 
 
2.  Speculators - Investors who believe short term rates will rise can buy a cap. 
They will profit when rates are above this level and will limit loss to the cost 
of the premium. 
 
As  caps  are  quoted  in  terms  of  implied  volatilities,  and  we  know  Black’s  (1976) 
model  is  very  sensitive  to  changes  in  these  volatilities.  We  will  use  Principal 
Component Analysis (PCA) to gain an insight into the behaviour of, and the factors 
driving these volatilities. Given this, we might have a better insight into the best way 
of using caps to manage interest rate risk and of how cap prices are likely to vary in 
different  circumstances.  Principal  Component  Analysis  (PCA)  involves  a 
mathematical procedure that transforms a number of (possibly) correlated variables 
into a (smaller) number of uncorrelated variables called principal components. The 
first  principal  component  accounts  for  as  much  of  the  variability  in  the  data  as 
possible,  and  each  succeeding  component  accounts  for  as  much  of  the  remaining 
variability as possible. The purpose of principal component analysis is said to be to 
discover or reduce the dimensionality of the data set and to identify new meaningful 
underlying variables. In essence, it will help simplify the overall data set to assist in 
gaining a deeper understanding of the variables acting to alter the value of a cap. 
Therefore, factor analysis can be applied as a data reduction or structure detection 
method. 
 
Interest rate risk is the exposure to adverse movements in interest rates and accepting 
this risk is a normal part of a financial institution’s activities and can be an important 
source of profitability. However, excessive interest rate risk can pose a significant   6 
threat to an institution through its earnings and capital base. Factors that affect interest 
rate risk include the frequency, volatility and direction of rate changes, the slope of 
the interest rate yield curve, the size of the interest-sensitive position and the basis for 
repricing at rollover dates. Changes in interest rates affect earnings by changing net 
interest  income  and  the  level  of  other  interest  sensitive  income  and  operating 
expenses. (Basel Committee on Banking Supervision Consultative Document, 2001) 
 
The use of hedging techniques is one means of managing and controlling this interest 
rate risk. In this regard, many different financial instruments can be used for hedging 
purposes. One of the more commonly used are derivative instruments. Examples of 
these include  foreign exchange  contracts, foreign currency  and interest  rate future 
contracts, foreign currency and interest rate options (such as caps, collars and floors), 
and foreign currency and interest rate swaps.  
 
According to Queensland Treasury derivative transactions policy guidelines (2002), 
interest rate risk arises when either borrowing costs or investment returns are affected 
by changes to the underlying level of interest rates. Gap analysis, duration analysis 
and stimulation models are interest rate risk measurement techniques. Each institution 
should use at least one, and preferably a combination of these techniques in managing 
its  interest  rate  risk  exposure.  Each  technique  provides  a  different  perspective  on 
interest rate risk, has distinct strengths and weaknesses, and is more effective when 
used in combination with another.
3 
 
The paper continues as follows, Section two will address some of the literature on 
interest rate caps, the hedging of caps and on principal component analysis. Section 
three will conduct a review of prior work on the topic. Section  four  explains the 
methodology  and  data  used  in  this  paper.  Section  five  reports  the  results  and  is 
followed by a concluding section. 
 
 
2. Literature Review 
 
                                                 
3 See Bank of Jamaica (1996) for more details.   7 
2.1 Pricing Interest Rate Derivatives 
There has been a large number of term structure models developed for the valuation 
of  interest-rate  derivatives.  Gupta  and  Subrahmanyam  (2000)  broadly  categorised 
them into two groups. The first group models the dynamics of the instantaneous or 
discrete-time  spot  interest  rate  (spot  rate  models),  and  the  second,  models  the 
arbitrage-free evolution  of the entire term structure of forward rates (forward  rate 
models). 
 
In the first group of models (spot rate models, also known as equilibrium models), the 
entire term structure is inferred from the evolution of the spot short-term interest rate 
(and, in case of two-factor models, by another factor such as the long-term interest 
rate,  the  spread,  the  volatility  factor,  or  the  futures  premium).  This  includes  the 
traditional models by Vasicek (1977), Brennan and Schwartz (1979), Cox, Ingersoll 
and  Ross  (1985),  Longstaff  and  Schwartz  (1992),  Stapleton  and  Subrahmanyam 
(1999)  and  others.  However,  the  equilibrium  models  such  as  those  by  Vasicek, 
Brennan  and  Schwartz  and  Cox,  Ingersoll  and  Ross  determine  the  term  structure 
endogenously; for this reason, they do not fit the current term structure exactly.  
The  approach  of  modelling  the  forward,  rather  than  the  spot,  interest  rates  was 
initiated by Ho and Lee (1986). Ho and Lee take as given the prices of discount bonds 
of all maturities and model the subsequent evolution of this price vector to preclude 
arbitrage opportunities. They took the initial discount curve as given and modelled the 
arbitrage-free movements of the entire discount curve in a binomial setting. This is 
equivalent to modelling the forward interest rate curve, which was the approach used 
by Heath, Jarrow and Morton (HJM) (1990) in extending and generalizing the work of 
Ho and Lee in a continuous time framework. The form of the forward rate changes 
can be specified almost arbitrarily. Gupta and Subrahmanyam (2000) showed that 
many  of  the  processes  specified  for  the  evolution  of  the  spot  interest  rate  can  be 
treated  as  special  cases  of  HJM  models  by  appropriately  specifying  the  volatility 
function of the forward interest rates. For example, they showed that specifying the 
volatility as an exponential function of the time to maturity gives rise to the Ornstein-
Uhlenbeck process as assumed by Vasicek (1977). A constant volatility results in the   8 
continuous time version of the Ho and Lee model. In these two cases, closed form 
solutions are available for discount bonds and option prices.
4  
 
According to Gupta and Subrahmanyam (2000) the interest-rate derivatives market 
consists of instruments that are based on different market interest rates. Interest rate 
swaps and FRA’s are priced based on the level of different segments of the yield 
curve; caps and floors are priced based on the level and the volatility of (that is the 
diagonal  elements  of  the  covariance  matrix  among)  the  different  forward  rates. 
Swaptions are priced based on both the diagonal and the off-diagonal elements of the 
same covariance matrix, i.e., they also price the correlations among the forward rates. 
They also noted that since caps and floors do not price the correlations among forward 
rates, it appears, at first glance, that one-factor models might be sufficiently accurate 
in pricing them, and the added numerical complexity of multi-factor models may not 
be justified.
5 
2.2 Interest Rate Caps 
There are a large number of term structure models for the valuation of interest-rate 
derivatives and we now turn our attention to the authors that have done work on 
interest rate caps and floors. Li and Zhao (2006) point out that one of the key issues in 
the  fast-growing  literature  on  interest  rate  derivatives  is  the  unspanned  stochastic 
volatility puzzle. Additionally, Jarrow, Li and Zhao (2003) note that the current caps 
and swaptions pricing literature have mainly focused on two issues. The first issue is 
the  unspanned  stochastic  volatility  puzzle  documented  by  Collin-Dufresne  and 
Goldstein  (2002)  and  Heidari  and  Wu  (2001  &  2003).
6  The  unspanned  stochastic 
volatility puzzle is that there appear to be risk factors that drive caps and swaptions 
prices not spanned by the factors explaining London Interbank Offered Rate or swap 
rates.  The  second  issue  was  the  relative  pricing  between  caps  and  swaptions.  A 
number of papers, including Longstaff, Santa-Clara, Schwartz (2001), Jagannathan, 
Kaplin,  Sun  (2003)  and  Collin-Dufresne  and  Goldstein  (2001)  show  that  there  is 
                                                 
4 See Gupta and Subrahmanyam (2000). 
5  Gupta  and  Subrahmanyam  (2000)  state  that  “one-factor  term  structure  models  imply  perfectly 
correlated  spot/forward  rates,  while  two-factor  (and  multi-factor)  models  allow  for  imperfect 
correlation between spot/forward rates of different maturities”. 
6 see also Fan, Gupta and Ritchken (2003)   9 
significant  and  systematic  misprising  between  caps  and  swaptions  using  various 
multi-factor term structure models. 
 
There have been some papers that have tested model performance for pricing interest 
rate derivatives. Gupta and Subrahmanyam (2001) investigated the performance of 
hedging caps and floors in one- and two-factor models. Moraleda and Pelsser (2000) 
tested three alternative spot-rate models and two Markovian forward-rate models on 
cap and floor data from 1993 to 1994, and found that spot rate models outperform the 
forward-rate models in pricing interest rate claims. However, as they acknowledge, 
their empirical tests are not very formal. Ritchken and Chuang (1999) test a three-
state Markovian model in the HJM paradigm when the volatility structure of forward 
rates is humped, using price data for at-the-money (ATM) caplets. They find that with 
three  state  variables,  the  model  captures  the  full  dynamics  of  the  term  structure 
without using any time varying parameters. They conclude that the volatility hump is 
an important feature to be captured in a term structure model. Hull and White (2000a) 
test the LIBOR market model using swaptions and caps across a range of strike rates, 
but only use data for one day, August 12, 1999. They find that the absolute percentage 
pricing  error  for  caps  was  greater  than  for  swaptions.  Longstaff,  Santa-Clara  and 
Schwartz (2000) use a string model framework
7 to test the relative valuation of caps 
and  swaptions  using  ATM  cap  and  swaptions  data.  Their  results  indicate  that 
swaption prices are generated by a four-factor model and that cap prices periodically 
deviate  from  the  no-arbitrage  values  implied  by  the  swaption  market  (Gupta  and 
Subrahmanyam, 2000). 
 
Additionally, Jagannathan, Kaplin and Sun (2003), show that the three-factor Cox, 
Ingersoll, and Ross (CIR) models produce large pricing errors for caps and swaptions. 
Wu  (2006)  finds  that  the  prices  of  interest  rate  caps  are  very  sensitive  to  the 
specification of the factor dynamics, especially when they are close to expiration. He 
notes that risk factors driving the caps and swaptions market are unspanned by factors 
underlying the libor and swaps market. Li and Zhao (2005) also report that although 
quadratic  term  structure  models  fit  libor  and  swap  rates  well,  they  lead  to  poor 
hedging  performance  of  caps,  especially  cap  straddles.  However,  the  relative 
                                                 
7 See Longstaff, Santa-Clara and Schwartz (2000) for more detail.   10 
misprising between interest rate caps and the underlying libor and swap rates could 
also be due to misspecification of the parametric models used. The results obtained 
using a non-parametric approach in their paper showed an inability of diffusion-only 
type models to price interest rate caps. Heidari and Wu (2003) proposed a framework 
that would consistently price both interest rates and interest rate derivatives. Instead 
of making a priori of assumptions, they allow the data on interest rates and interest 
rate derivatives to dictate the dynamics of the yield curve residuals, as well as their 
impact on the pricing of interest rate derivatives. 
 
Driessen,  Klassen  and  Melenberg  (2000),  test  one-factor  and  multi-factor  HJM 
models with respect to their pricing and hedging performance using ATM cap and 
swaption volatilities. Mili and Sahut in their (2006) paper test the effect of elasticity 
of  the  forward  rate  volatility  on  cap  prices.  They  extend  the  Ritchken  and 
Sankarasubramanian  (1995)  study  on  the  sensitivity  of  the  prices  of  interest  rate 
claims and extend Amin and Morton (1994) by considering that the volatility structure 
depends on the level of the spot interest rate. 
 
Gupta and Subrahmanyam (2000) show that, for plain-vanilla interest rate caps and 
floors, a one-factor lognormal forward rate model outperforms other competing one-
factor  models,  in  terms  of  pricing  accuracy.  Two-factor  models  only  marginally 
improve  pricing  accuracy.  Therefore,  for  accurate  pricing  of  caps  and  floors, 
especially away-from-the-money, it is more important for the term structure model to 
fit  the  skew  in  the  underlying  interest  rate  distribution,  than  to  have  a  second 
stochastic factor driving the term structure. This refutes claims in the literature that 
correctly specified and calibrated one-factor models could eliminate the need to have 
multi-factor models for pricing and hedging interest rate derivatives.
8 
2.3 Hedging Interest Rate Caps 
Gupta and Subrahmanyam (2005) examine the pricing and hedging performance of 
interest rate option pricing models in the US dollar interest rate cap and floor markets. 
                                                 
8 For example, Hull and White (1995) state that “the most significant difference between models is a 
strike price bias ... the number of factors in a term structure model does not seem to be important 
except when pricing spread options ... one-factor Markov models when used properly do a good job of 
pricing and hedging interest-rate sensitive securities”.   11 
They used for the first time a time series of actual cap and floor prices across different 
strike rates and maturities.  
 
Since caplets and floorlets are essentially options on the forward interest rate, they can 
be hedged with appropriate positions in the forward market. In practice, they are most 
commonly hedged using the short term interest rate futures contract, the Eurocurrency 
futures contract, e.g. Eurodollar futures, due to the liquidity of the futures market, as 
well  as  availability  of  contracts  up  to  a  maturity  of  10  years,  in  increments  of  3 
months.  Strictly  speaking,  interest  rate  forward  contracts  are  similar  to,  but  not 
exactly the same as interest rate futures contracts. The difference between the two is 
due to the negative convexity of the forward contract.
9 The price of an interest rate 
futures contract on the expiration date is defined as 100 less the spot interest rate on 
that date. Hence, a short position in a caplet (floorlet) can be hedged by going short 
(long)  an  appropriate  number  of  futures  contracts.  The  hedge  position  of  the  cap 
(floor) is the sum of the hedge positions for the individual caplets (floorlets) in the cap 
(floor),  i.e.,  a  series  of  futures  contracts  of  the  appropriate  maturities  (Gupta  and 
Subrahmanyam, 2000). 
 
Gupta and Subrahmanyam (2005) show their hedge position is constructed by first 
computing the change in the price of the caplets for a unit (say 1 basis point) change 
in the forward rate, relative to the number of futures contracts of appropriate maturity 
that give the same change in value for the same unit change in the forward rate. This 
is the “delta” or hedge ratio for the caplet. In the context of a particular term structure 
model, the delta can sometimes be defined in closed form. A portfolio of a short 
position in a cap and a short position in an appropriate number of futures contracts is 
locally insensitive to changes in the forward rate, thus making it “delta-neutral.” In 
theory,  this  delta-neutral  hedge  requires  continuous  rebalancing  to  reflect  the 
changing  market  conditions.  In  practice,  however,  only  discrete  rebalancing  is 
possible. The accuracy of a delta hedge depends on how well the model’s assumptions 
are in line with the actual movements in interest rates. 
 
                                                 
9 For details, see Gupta and Subrahmanyam (2000).   12 
A caplet/floorlet can also be gamma-hedged in addition to being delta-hedged, by 
taking positions in a variety of LIBOR options. In constructing the delta hedge for a 
caplet/floorlet with interest rate futures contracts, the hedge position must take into 
account two factors.  First, the caplet/floorlet payoff is discounted at a rate that is 
uncertain at the initial valuation date. The stochastic discounting results in a convexity 
effect,  which  affects  the  pricing  of  the  caplet/floorlet,  but  not  that  of  the  futures 
contract
10.  Hence,  the  hedge  position  has  to  be  adjusted  for  the  convexity  of 
caps/floors.  Second,  the  expiration  dates  of  the  futures  contracts  generally  do  not 
coincide  with  the  expiration  dates  of  the  individual  caplets  (floorlets)  in  the  cap 
(floor). Therefore, using futures, a perfect delta hedge is not possible, even for an 
infinitesimally short period of time. The hedge is implemented using the two futures 
contracts with maturity dates on either side of the expiration date of the caplet/floorlet 
being hedged, to form a synthetic position in a hypothetical futures contract expiring 
on the caplet expiration date. 
 
The hedging for these contracts can be done either “within the model” or “outside the 
model.” The “within the model” hedge neutralizes the exposure only to the model 
driving factor(s), which, in the case of a one-factor model, is the spot or the forward 
rate. The “outside the model” hedge is determined by calculating price changes with 
respect to exogenous shocks, which is said to have a virtually zero probability of 
occurrence  within  the  model  itself.  This  “outside  the  model”  procedure  is,  hence, 
conceptually internally inconsistent and inappropriate when testing one model against 
another. The “within the model” hedge tests give very useful indications about the 
realism of the model itself.  
 
2.4 Principal Component Analysis 
PCA is a way of identifying patterns in data, and expressing the data in such a way as 
to highlight their similarities and differences. An advantage of PCA is that once you 
have  found  these  patterns  in  the  data  you  can  compress  the  data  by  reducing  the 
number  of  dimensions  without  much  loss  of  information.  Factor  or  principal 
                                                 
10 Futures contracts are settled based on the price on the expiration date and hence are unaffected by the 
stochastic nature of the discount rate.   13 




Alexander (2001) explains that for each column in the T x k stationary data matrix X 
has mean zero and variance one. PCA is based on an eigenvalue and eigenvector 
analysis  of  V  =  X′X/T,  the  k  x  k  symmetric  matrix  of  correlations  between  the 
variables in X. Each principal component is a linear combination of these columns, 
where the weights are chosen in such a way that:
12 
 
￿  The  first  principal  component  explains  the  greatest  amount  of  the  total 
variation in X, the second component explains the greatest  amount of the 
remaining variation, and so on; 
￿  The principal components are uncorrelated with each other. 
 
In a highly correlated system, the first principal component captures an approximately 
parallel  shift  in  all  variables.  Term  structures  are  special  because  they  impose  an 
ordering on the system that provides an intuitive interpretation of all the principal 
components, not just the first. The data used for PCA must be stationary, so that the 
unconditional  correlation  matrix  X′X  can  be  calculated.  Stationarity  in  a  random 
process  implies  that  its  statistical  characteristics  do  not  change  with  time. 
Alternatively, if we were to observe a stationary random process at time t it would be 




According to Rao (1997), PCA provides a simple framework to study the correlation 
structure of the forward rates, with the advantage that no specific assumptions need to 
be introduced. This technique does not exploit non-linear dependences among the 
different forward rates, but any possible effects of this kind would be much smaller 
than the large observed linear correlation (Ballocchi, Dacoragna, Hopman, Muller and 
Olsen, 1998). 
The expected eigenvectors are, as given by Rebonato (1996) and Alexander (2001), in 
order of decreasing magnitude for the corresponding eigenvalues: 
                                                 
11 The weights or factor loadings have the property that the sum of their squares for each factor is 1.0.  
12 Alexander (2001)   14 
 
1.  The first component has approximately the same positive weights, and can 
therefore be intuitively interpreted as the “average level” of the yield curve. 
This is also referred to as the Trend component and leads to a parallel shift in 
the yield curve. 
 
2.  The second component corresponds roughly to a “Steepening” of the yield 
curve. The short rates move in one direction while the long rates move in the 
other direction. Therefore it can be interpreted as a measure of the slope of the 
yield curve.  
 
3.  The third factor corresponds to a “Bowing” of the yield curve. The short and 
long  rates move in the  same direction while the middle rates move in the 
opposite direction. This eigenvector can be deemed to represent a measure of 
the curvature of the yield curve. 
 
This suggests that we can relate the risks in a portfolio of interest rate dependent 
instruments to movements in these factors instead of considering all forty interest 
rates. 
 
According to Moraux, Perignon and Villa (2002) modeling the dynamics of a term 
structure of interest rates can rely either on a formal equilibrium model, as in Vasicek 
(1977) or Cox, Ingersoll and Ross (1985), or on a statistical factor model. The key 
assumption of any statistical factor model is that a multitude of influences can be 
compactly summarised by a few variables. These factors are said to capture changes 
in  the  underlying  determinants  of  interest  rates.  The  factor  shocks  are  not  the 
fundamental  causes  of  changes  in  the  term  structure;  rather,  they  are  sufficient 
statistics  for  fully  capturing  the  underlying  economic  shocks  that  do  cause  the 
changes.  Economic  determinants  of  the  domestic  interest  rate  dynamics  include 
inflation, economic activity (see Ang and Piazzesi (2001)), the level of world growth, 
offshore interest rates, balance of payments and monetary policy (see also Christiano, 
Eichenbaum and Evans (1999)). 
   15 
Papers by Litterman and Scheinkman (1991) and Heidari and Wu (2001) find that 
most  of  the  variation  in  term-structure  movements  is  explained  by  two  or  three 
factors. One important exception to this is Knez, Litterman and Scheinkman (1994), 
who find evidence of a significant fourth factor affecting short term interest rates. 
However,  Longstaff,  Santa-Clara  and  Schwartz  (2001)  explain  that  rather  than 
focusing on the number of factors in historical term-structure data, they infer from 
swaption  prices  the  actual  number  of  factors  that  market  participants  view  as 
important influences on the term structure.  
 
Steeley  (1990) and  Litterman and Scheinkman  (1991) have used such  methods to 
determine the number of factors underlying the movements in interest rates. Litterman 
and  Scheinkman  (1991)  broke  down  bond  returns  into  principal  components  and 
showed  that  the  first  principal  component  explained  89.5%  of  return  variation. 
Therefore,  returns  are  highly  correlated  across  maturities,  and  a  common 
interpretation of this finding is that one main economic factor drives returns.  
 
Rebonato  (1998)  describes  PCA  in  terms  of  interest  rate  models  and  gives  some 
results on market data. Rebonato states that three factors usually explain 95-99 % of 
the entire variability (in terms of variance) of the sample, and that the first component 
accounts for up to 80-90 %. PCA analysis can be used not only to determine the 
number of factors that explain the data, but also to identify the shape of the volatility 
functions. As suggested by Heath et al. (1992) this can be pushed even further to 
calibrate a model to match a set of yield curve data. Several approaches have been 
proposed; see for instance Buhler et al. (1999) and Driessen at al. (2003). Angelini 
and Herzel (2004) impose a parametrical form to the loading factors and estimate the 
parameters via nonlinear regression. 
 
Rebonato (1998) reports a study for the UK market in the years 1989-1992 which 
confirms the general results stated above, namely 92% of the variance explained by 
the first factor and 99.1% by the second factor. Longstaff, Santa-Clara and Schwartz 
(2001)  find  the  same  three  factors  described  by  Rebonato  (1998),  but  they  also 
described a fourth factor which is very similar to the fourth factor found by Knez et 
al. (1994) in their study of short-term rates. This fourth factor principally affects the   16 
shape of the very short end of the term structure, possibly reflecting the influence of 
the Federal Reserve or other monetary authorities.  
 
Principal components analysis is traditionally performed on  (excess) returns of an 
asset. Heidari and Wu (2001) performed principal components analysis directly on the 
observed LIBOR and swap rates and implied volatilities. There were a number of 
reasons for this. First, they said to compute returns on swap and swaption contracts, 
they needed to infer a zero curve or a forward rate curve from the finite number of 
observations  on  the  term  structure,  as  in  Litterman  and  Scheinkman  (1991). 
Interpolation and smoothing was therefore needed. However, they noted that Björk 
and Christensen (1999) and Filipovic (1999) commonly used smoothing functions, 
such as the Nelson- Siegel family and cubic splines, which are not consistent with any 
diffusion  dynamics.  Hence,  any  such  interpolation  schemes  may  induce  spurious 
effects into the factor analysis. Second, the movement of the implied volatility surface 
is relatively separate from the interest rate movement. Thus, principal components 
analysis  on  implied  volatilities  instead  of  option  prices  or  returns  facilitates  our 
identification of independent factors in the options market. Third, when interest rates 
are cointegrated, analysis of excess returns may lead to singular problems (see Engle 
and Granger (1987)). When factors are significantly more persistent than the errors, 
principal components analysis of the levels provides an efficient way to identify the 
more persistent factors. 
 
When PCA is performed, the relations between interest rate changes and the factors 
are captured by the factor loadings and the rate with the highest factor loading could 
be the best choice for a proxy of the corresponding factor (see Lekkos (2001)). Most 
studies examine changes in interest rates rather than the levels of interest rates or 
changes in bond prices. For hedging purposes, it is not the levels of interest rates that 
are important but the changes in the rates. These changes, in turn, produce changes in 
zero-coupon bond prices and once the movements in zero-coupon bond prices are 
understood,  the  movements  in  coupon  bond  prices  may  be  easily  expressed  as  a 
function of these movements. Coupon bonds are a simple portfolio of many different 
individual cash flows, each responding to a different zero-coupon price change.  
   17 
Although  single  factor  models  allow  for  tractability,  they  have  the  undesirable 
implication  that  yields  on  bonds  of  different  maturities  are  perfectly  correlated 
instantaneously. Gupta and Subrahmanyam (2000) show that there is a need to use 
two-factor models for accurate hedging and pricing of interest rate caps. Therefore, 
for consistent pricing and hedging within a book, even for caps and floors, there is 
evidence that strongly suggests using two-factor models, over and above fitting the 
skew in the underlying interest rate distribution. In addition, numerous other studies 
have suggested that multiple factors are needed to explain the behavior of bond yields. 
Stambaugh  (1988),  Litterman  and  Scheinkman  (1991),  Longstaff  and  Schwartz 
(1992), Pearson and Sun (1993), and Anderson and Lund (1997) all offer empirical 
evidence favoring multi-factor models to single factor models. Several multi-factor 
theoretical models have been proposed. For example, Brennan and Schwartz (1989) 
choose the short rate and the long rate, while Longstaff and Schwartz (1992) use the 
short rate and its volatility as the two factors. These choices were made for analytical 
tractability rather than empirical observations. Shafer and Schwartz (1984) use the 
short rate and the slope of the yield curve as the two factors. This is confirmed by 
empirical evidence offered by Litterman and Scheinkman (1991), where it is found 
that there are three common factors affecting bond yields are the level, the slope, and 
the curvature of the yield curve. In particular, the first two factors, the level and the 
slope can capture almost all (96 %) of the variations in bond yields. Whether there is a 
third factor driving the term structure is still an open question for research. Litterman 
and Scheinkman (1991), as pointed out, note that the third factor, modelling changes 
in the curvature of the term structure, is important in explaining price changes. Duffee 
(1996) suggests a Treasury bill of one month or less to maturity appears to show price 
movements that are idiosyncratic to changes in other interest rates. 
 
Boudoukh,  Richardson,  Stanton,  and  Whitelaw  (1999)  develop  a  two  factor  non-
parametric  model  based  on  the  level  and  the  slope.  They  show  how  volatility  is 
related to the slope and how their model is a generalized version of the Longstaff-
Schwartz (1992) model, where volatility is the second factor. Wu (2006) proposed 
using  the  short  rate  and  the  slope  as  the  two  factors.  In  particular,  the  level  is 
measured by the 3-month zero-coupon bond yield, the slope is a proxy for the spread 
of the ten-year over the one-year zero-coupon bond yields. The model by Wu (2006)   18 
is alleged to be easily extended to incorporate a third factor, such as the curvature of 
the yield curve. 
 
Alternatively, Hull and White (2000a) and Jagannathan and Sun (1999) reveal that 
three factors are not sufficient to fully capture the pricing of interest rate caps and 
swaptions. Peterson, Stapleton, and Subrahmanyam (2000) find that going from one 
to two term-structure factors has a significant effect on the valuation of swaptions. 
Wadhwa (1999), conduct a principal components analysis of the implied volatility 
surface  in  the  swaptions  market.  Heidari  and  Wu  (2001)  extend  this  analysis  to 
include both interest rates and interest rate options, and investigate whether the same 
finite-dimensional  system  spans  both  markets.  Inspired  by  the  sharply  different 
behaviors of interest rate traders and option players, Heidari and Wu (2001) try to 
clarify  whether  the  same  finite-dimensional  dynamic  system  spans  both  the  yield 
curve and the implied volatility surface of interest rate options. Their answer was 
negative.  The  options  market  exhibits  factors  independent  of  the  underlying  yield 
curve. 
 
3. Interest Rate Cap Models 
 
Interest  rate  caps  are  viewed  as  a  form  of  insurance,  ensuring  that  the  maximum 
borrowing rate never exceeds the specified cap level.  In exchange for this peace of 
mind, the purchaser pays the financial institution a premium. They are provided by 
financial institutions in over-the-counter markets.
13 A cap gives the holder a series of 
European call options or caplets on the LIBOR rate, where each caplet has the same 
strike price as the others, but a different expiration date. A cap (floor) can be regarded 
as a portfolio of European call (put) options on interest rates, or equivalently, put 
(call) options on discount bonds. The expiration dates on the caplets are on the same 
cycle as the frequency of the underlying LIBOR rate. For example, a five-year cap on 
for instance the three-month LIBOR struck at six percent represents a portfolio of 19 
separately exercisable caplets with quarterly maturities ranging from ½ to five years, 
where each caplet has a strike price of six percent. Longstaff et al. (2000) showed the 
cash flow associated with a caplet on the τ-period LIBOR rate expiring at time T + τ 
                                                 
13 http://www.fincad.com/support/developerfunc/mathref/RATECAP   19 
is (A/360) max (0, L (T, τ) – K) where A is the actual number of days during the 
period from T to T + τ, L (T, τ) is the value of τ-period LIBOR at time T, and K is the 
strike price. The series of cash flows from the cap provide a hedge for an investor 
paying LIBOR on a quarterly or semi-annual floating-rate note, where each quarterly 
or semi-annual caplet hedges an individual floating coupon payment.  
 
An interest rate floor is a series of European put options or "floorlets" on a specified 
reference  rate,  usually  LIBOR.  The  buyer  of  the  floor  receives  money  if  on  the 
maturity of any of the floorlets; the reference rate fixed is below the agreed strike 
price of the floor. An interest rate floor  guarantees a lower bound for the rate of 
interest received on an investment.  This may be used in conjunction with a floating 
rate note (FRN) to ensure a minimum return on investment.  Sometimes these rate 
guarantees are embedded into financial instruments such as structured medium term 
notes.  Floors are used  in times of decreasing short term interest rates  by money 
managers trying to obtain higher cash returns on floating rate investments.
14 The cash 
flows from a floorlet with expiration date T + τ is (A/360) max (0, K - L (T, τ)). 
Floors are essentially a series of European put options on the LIBOR rate. 
 
3.1 Black’s (1976) Model 
A challenge in pricing options on commodities is non-randomness in the evolution of 
many commodity prices. Black (1976) explains that the spot price of an agricultural 
commodity tends to have a seasonal pattern. Because of such non-randomness, many 
spot commodity prices cannot be modelled with a geometric Brownian motion, and 
the Black-Scholes (1973) or Merton (1973) models for options on stocks do not apply. 
While it is not reasonable to model the spot price with a Brownian motion, it may be 
reasonable to model the forward price with one. Black's (1976) option pricing formula 
reflects this solution, modelling a forward price as an underlier in place of a spot 
price.  The  model  is  widely  used  for  modelling  European  options  on  physical 




                                                 
14 http://www.fincad.com/support/developerfunc/mathref/RATECAP 
15 http://www.riskglossary.com   20 
Market prices for caps and floors are universally quoted relative to the Black (1976) 
model. Under this model it is assumed that the underlying rate is distributed log-
normally with volatility σ. Notice that there is a one-to-one mapping between the 
volatility and the present value of the option. Because all the other terms arising in the 
equation are indisputable, there is no ambiguity in quoting the price of a caplet simply 
by quoting its volatility. This is what happens in the market. The volatility is known 
as the "Black vol" or implied vol.
16 Jarrow, Li and Zhao (2003), find that the implied 
volatilities  from  Black’s  (1976)  model  exhibit  an  asymmetric  volatility  smile 
(sometimes called a ‘sneer’) that is similar to those observed in equity option markets. 
ITM caps are shown to have a stronger skew than do OTM caps. The volatility smile 
is also time varying and more pronounced after September 11, 2001. This is similar 
(except  in  the  date)  to  a  shift  in  equity  option  market  smiles  documented  by 
Rubinstein (1994) after the stock market crash of 1987. 
 
Harrison and Kreps (1979), show that in any market where there is no arbitrage, any 
given numerary security whose price is g(t), there exists a measure for which f(t)/g(t) 
is a martingale for all security prices f(t). We will denote this measure by M{g(t)}. 
 
Hull and White (2000a), consider a cap with strike rate Rc and reset dates at times t1, 
t2, . . . , tN with a final payment date tN+1. Define δi = ti+1 - ti and Ri as the δi-maturity 
rate observed at time ti and expressed with a compounding period of δi (1 ≤ i  ≤ N). 
The cap is a portfolio of N caplets. The ith caplet provides a payoff at time ti+1 equal 
to 
 
                    [1] 
 
where Lc is the principal. 
Define P(t, T) as the price of a discount bond paying off $1 at time T. To value the ith 
caplet we use P(t, ti+1) as the numerary. Under the measure, M{P(t, ti+1)} 
 
 
                                                 
16 http://www.fincad.com/support/developerfunc/mathref/RATECAP   21 
 
is a martingale for all security prices f(t). Hence 
 
        [2] 
 
where Ei+1 denotes expectations under M{P(t, ti+1)}.  
By setting f(t) = P(t, ti) - P(t; ti+1) in equation [2], we see that 
 
        [3] 
 
where  Fi(t)  is  the  forward  interest  rate  for  the  period  (ti,  ti+1)  observed  at  time  t. 
Equation [3] shows that, under the assumed measure, the value at time zero of this 
forward rate equals the expected future spot rate for (ti, ti+1). 
 
By setting f(t) equal to the price of the ith caplet and noting that P(ti+1; ti+1) = 1, we 













and N(x) is the cumulative normal distribution function. Substituting from equation 
[3] gives the standard market model for valuing the caplet:   22 
 




Similarly the standard market model for valuing the ith element of a floor is 
 
    [5] 
 
Hull and White (2000a), describe that the variable σi is often referred to the volatility 
of the (ti, ti+1) forward rate. In fact, there is no requirement that the volatility of this 
forward rate be constant during the life of the caplet. All that is required is that the 
variable σ
2
i be the average variance rate of the forward rate during the life of the 
caplet. With this closed-form solution, the price of a cap is given by simply summing 
the values of the constituent caplets. Thus, a cap is simply a portfolio of individual 
options, each on a different forward LIBOR rate. The market convention is to quote 
cap prices in terms of the implied value of σ which sets the Black model price equal 
to the market price. Note that the convention of quoting cap prices in terms of the 
implied volatility from the Black model does not mean that market participants view 
the Black model as the most appropriate model for caps. Rather, implied volatilities 
from the Black model are simply a more convenient way of quoting prices, since 
implied volatilities tend to be more stable over time than the actual dollar price at 
which the cap would be traded. In practice brokers usually quote what is known as a 
flat volatility for a cap. This is a volatility which, if used as the spot volatility for all 
the underlying caplets, reproduces the cap's market price. When flat volatilities for all 
cap maturities are available or can be estimated, spot volatilities can be calculated. 
The procedure is to use the flat volatilities and equation [4] to calculate cap prices, 
deduce caplet prices by subtracting one cap price from the next, and then imply the 
spot volatilities from these caplet prices using equation 
[4].   23 
 
There are said to be two internal inconsistencies in this model. First, the forward rate 
is assumed to be stochastic, while the risk-free rate used for discounting is assumed to 
be  constant.  Second,  the  assumption  that  forward  rate  volatility  is  constant  is  an 
approximation.  In  reality,  forward  rate  volatility  decreases  with  maturity  as  long 
maturity forward rates are less affected by the changes in the current level of interest 
rates. Despite these two problems, Black's model is used as a tool to transform cap 
implied volatilities to prices.
17  
4. Research Method and Data 
 
In our analysis we attempt to match a portfolio hedging strategy (PLA), with interest 
rate caps hedging priced using Black’s (1976) model. In addition to this analysis we 
will endeavour to determine what factors are driving the interest rate caps prices by 
conducting principal component analysis on the shape and changes in the yield curve 
and forward structure of interest rates.  
 
Our analysis, of the data series produced by the PLA and Black’s model, will be 
improved by computing the continuously compounded returns of these series. These 
returns will be calculated as the return during day i of a market variable Si (between 


















Exponentially Weighted Moving Average (EWMA) is a very popular scheme that 
produces  a  smoothed  time  series.  However,  there  are  one  or  more  smoothing 
parameters to be determined (or estimated) and these choices determine the weights 
assigned to the observations. EWMA is designed to track changes in the volatility of a 
time series. 
 
                                                 
17 See Wu (2006).   24 
The smoothing scheme begins by setting S1 to the variance of Yi, where Si stands for 
smoothed  observation  or  EWMA,  and  Y  stands  for  the  original  observation.  The 
subscripts refer to the time periods, 1, 2, ..., n. For the third period, S2 = α S1 + (1- α) 
Y2
2; and so on. The smoothed series starts (S1) with the variance of the return series 
for the period. For any time period t, the smoothed value St (EWMA) is found by 
computing:  
 
EWMAt = λ  EWMAt-1 + (1 - λ ) Yt
2     for t = 1, 2,..., n.  
 
where  
￿  Yt is the observation at time t  
￿  n is the number of observations to be monitored  
￿  0  <  λ  ≤  1  is  a  constant  that  determines  the  depth  of  memory  of  the 
EWMA.  
 
This is the basic equation of exponential smoothing and the constant or parameter α is 
called the smoothing constant.
18 The parameter λ determines the rate at which 'older' 
data enter into the calculation of the EWMA statistic. A value of λ = 1 implies that 
only the most recent measurement influences the EWMA. Thus, a large value of λ = 1 
gives more weight to recent data and less weight to older data; a small value of λ 
gives more weight to older data. The value of λ is usually set between 0.75 and 0.99 
although this choice is somewhat arbitrary. The value used in this paper is 0.94 as 
proposed by RiskMetrics (1996). RiskMetrics which was created by J.P. Morgan use 
the EWMA model with a value of 0.94 as they found this value provided forecasts of 
the variance rate that came closest to the realized variance rate. The EWMA estimator 
is essentially a GARCH (1, 1) model with the constant term set to zero. Moreover, the 
parameters of the exponential estimator sum to one. In the RiskMetrics models the 
factor is set to the value of 0.94 for daily data and 0.97 for monthly data. 
 
The Sharpe ratio or reward-to-variability ratio is a measure of the return per unit of 
risk in an investment asset or a trading strategy. Sharpe ratios are often used to rank 
                                                 
18 http://www.itl.nist.gov/div898/handbook/pmc/section4/pmc431.htm   25 
the performance of portfolio or mutual fund managers.
  19 We have implemented a 




S =  
 
where R is the portfolio return, E[R] is the expected value of the portfolios return and 
σ is the standard deviation of the portfolio. We have simply taken the return of the 
portfolio and divided it by the standard deviation. We did this so as to find a single 
measure to compare the borrowing costs of the portfolios. In this case because we are 




where Rf is the return on a benchmark asset, such as the risk free rate of return, E[R − 
Rf] is the expected value of the excess of the asset return over the benchmark return, 
and  σ  is  the  standard  deviation  of  the  excess  return.  The  Sharpe  ratio  is  used  to 
characterize how well the return of an asset compensates the investor for the risk 
taken.
20  In  our  case  the  lower  the  Sharpe  ratio  the  better  as  this  indicates  lower 
borrowing costs. 
4.1 Data 
The data set comprises of daily quarterly rates from three months out to 10 years (120 
months)  of  BBSW  zero  rates,  par  rates  and  forward  rates  from  June  2000  to 
September  2006.  The  data  set  of  implied  volatilities  (Appendix  I)  consists  of 
volatilities for 1, 2, 3, 4, 5, 7 and 10 year maturities; the data set is made up of daily 
closing mid-quotes for the period. 
 
                                                 
19 Jackson and Staunton (2003) 
20 http://en.wikipedia.org/wiki/Sharpe_ratio   26 
 
 
Our  baseline  strategy  combines  a  portfolio  of  rolling  short-term  debt  with  one  of 
rolling long-term debt lines. We first construct a portfolio of rolling short and long 
term debt lines. The short-term portion of the portfolio consists of a strip of six short-
term debt lines from one month to six months maturity.  Each month one short debt 
line matures and is automatically replaced by a new line of six months to maturity.  
The long-term portion of the portfolio consists of twenty long-term debt lines with 
maturities at quarterly intervals out to five years; each quarter one long-term debt line 
matures and is replaced by a new five year line. Each short debt line represents 5.0% 
of the total portfolio and each of the long debt lines represents 3.5%  of the total 
portfolio. This  was  accomplished  by  simply  writing  macros  for  excel  that  would 
replace the maturing short or long debt line with a new short or long debt line. 
 
The figure below illustrates the process assuming a $1,000,000 portfolio consisting of 
30%  short-term  debt  and  70%  long-term  debt,  equally  distributed  among  their 
constituent debt lines. The structure uses diversification across maturities and across 
time  to  minimise  interest  rate  risk.    The  short-term  debt  component  allows  faster 
tracking  to  current  market  interest  rates  while  the  long-term  component  provides 
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New Debt New Short Line of $50,000
New Long Line of $35,000
 
 
The greater stability that refinancing of the portfolio at the five year point adds to the 
portfolio comes at the cost of higher borrowing costs that are a feature of longer dated 
debt in a “normal yield curve” environment.  The higher interest cost of long term 
borrowings  reflect  future  interest  rate  uncertainty.    Ignoring  credit  risk,  while  the 
return on a 1-year bond is known with certainty, the rate of return over the course of 
the next year of a 5-year bond is subject to a great deal of uncertainty.  
 
4.2 Interest Rate Caps 
We price the caps using Black’s (1976) model as given in equation [4]. Under this 
model it is assumed that the underlying rate is distributed log-normally with volatility 
σ. Caplets with maturities of one to five years used the implied volatilities of the same 
maturity (i.e. caplets with one year to maturity used the implied volatility of one year 
and the caplets with two years to maturity used the two year implied volatilities, and 
so  on).  After  that  the  six  and  seven  year  maturity  caplets  used  the  seven  year 
volatilities and the eighth, ninth and tenth caplets used the ten year volatilities. 
 
We also look at a strategy of buying out of the money caps, which would be of lower 
cost  but  with  more  exposure.  If  we  buy  longer  caps  we  are  more  exposed  to 
expectations about subsequent changes in market conditions, as these are priced into 
the caps.  Firstly we arrange the interest rate caps in an identical fashion to the PLA 
above. We arrange the caps so as to match the rolling debt lines as described above in   28 
the  PLA.  To  compare  the  different  portfolios  we  shall  compare  them  using  two 
approaches.  The  first  approach  we  shall  use  is  to  compare  each  of  the  portfolios 
weighted interest rate costs for the period. That is whether the portfolio has a “30/70” 
distribution,  (30%  short  debt  and  70%  long  debt),  or  say  a  “50/50”  distribution. 
Secondly, we shall compare the different strategies on the costs of refinancing each 
portfolio every month.  
 
As we have priced all the caps we can therefore obtain the option Greeks.  
￿  Delta - a measure of an option’s sensitivity to changes in the price of the 
underlier (Forward rate). It measures the first order (linear) sensitivity to the 
underlier, 
￿  Gamma  -  a  measure  of  delta’s  sensitivity  to  changes  in  the  price  of  the 
underlier (Forward rate). It measures  the second order (quadratic) sensitivity 
to the underlier,  
￿  Vega - a measure of an option’s sensitivity to changes in the volatility of the 
forward  rate.  It  measures  the  first  order  (linear)  sensitivity  to  the  implied 
volatility of an underlier,  
￿  Theta - a measure of an option’s sensitivity to time decay. It measures the 
first order (linear) sensitivity to the passage of time, and  
￿  Rho - a measure of an option’s sensitivity to changes in the risk free interest 
rate. It measures the first order (linear) sensitivity to an applicable interest 
rate.  
 
These measures are not static, but are interdependent and change constantly. These 
individual components will have different sensitivities and the overall sensitivity will 
be some sort of average. So then the issue of a weighting system arises. We could 
give all the sensitivities equal weighting and simply average them. We could also 
weight them in proportion to their individual market values as they will sum to give 
the  value  of  the  cap.  Another  way  of  weighting  them  is  in  proportion  to  their 
individual elasticity’s, as each is a partial elasticity. The ones with greater elasticity 
could  be  given  greater  weight.  For  ease  of  calculation  we  shall  simply  take  the 
average of these sensitivities. The Greeks (Vegas) will be calculated over a sample 
period from the 26
th June 2000 to the 17
th February 2006. 
   29 
In addition we shall conduct a sensitivity analysis by changing the strike rates of the 
interest rate caps. In scenario (A) the strike rate of the caps is raised by 0.005 or 0.5% 
and in scenario (B) the strike rate was lowered by the same amount. This sensitivity 
was implemented so as to see the reaction of the cap prices if the strike rate was 










































































































































































































































































Given that caps are options, the cost of the interest rate caps is going to be influenced 
by all the factors that impact on the price of an option. If the cap is out of the money, 
it will cost less. If the period to maturity is longer it will cost more; longer dated caps 
should cost more than shorter dated caps. If there is an increase in the volatility of the 
underlying, the option and cap will cost more. In our case the underlying diffusion 
process is that of interest rate series with different periods to maturity. In different 
yield curve environments, there is likely to be more or less volatility in the underlying 
interest rate processes. Hence we conduct principle components analysis to try to get 
an insight into the factors driving interest rate volatility, as this volatility will impact 
on the cap prices. If it is possible to see which factors in the term structure are linked 
to interest rate volatility, it may help to determine the optimum cap strategy, and 
indicate the conditions in which it is likely to be better to use long or short-date caps, 
caps which are in the money or out of the money.  
 
4.3 Principal Component Analysis 
Since the data used for PCA is required to be stationary, we conduct unit root tests to 
verify  this  requirement.  In  order  to  make  any  kind  of  statistical  inference  from  a   30 
single realization of a random process, stationarity of the process is often assumed. 
Intuitively, a process {Xt} is stationary if it is unaffected by a change of time origin; 
that is, the joint probability distribution at any point in time is not affected by a shift 
along the time axis. A stationary process has the property that the mean, variance and 
autocorrelation  structure  do  not  change  over  time.  In  practice,  a  much  weaker 
definition  of  stationarity  called  second-order  stationarity  or  weak  stationarity  is 
employed. Let E denote the expectation of a random process. The mean, variance, and 
covariance of the process are defined as follows:
21 
 
Mean:  ( ) t EX t = µ ,  
Variance:  ( ) ( ) ( ) ( )
2 2 t X E X Var t t t µ σ − = = , and  
Covariance:  ( ) ( ) ( ) ( ) ( ) ( ) r X s X E X X Cov r s r s r s µ µ γ − − = = , , . 
 
A time series is second-order stationary if it satisfies the following conditions:  
 
(a) µ (t) = µ, and σ
2 (t) = σ
2  for all t, and  
(b) γ(s – r) is a function of (s – r) only.  
 
We  conduct  Augmented  Dickey-Fuller  (1979)  tests  to  test  whether  our  series  are 
stationary. We augment this with further tests using corellograms and Q-statistics. 
Alexander (2001) explains that the data input to PCA must be stationary and the input 
for  our  PCA  will  therefore  be  the  first  difference  of  the  logarithms  of  the  rates. 
However, Heidari and Wu (2001) performed principal components analysis directly 
on the observed LIBOR and swap rates and implied volatilities. 
 
The calibration is based on a principal component analysis of historical data on the 
first differences in the logarithms of the forward rates as well as the zero rates.
22  
In addition, we shall attempt to show changes in the option sensitivity to interest rates 
as a function of the first factor in the PCA. This will potentially show that there is a 
statistical  link  between  what  we  have  unveiled  in  our  PCA  analysis  and  the 
cap sensitivity to interest rate changes, or in the cap price. What we would like to see 
is a positive and significant slope coefficient in the regression. Of course we may find 
                                                 
21 http://documents.wolfram.com/applications/timeseries/UsersGuidetoTimeSeries/1.2.2.html 
22 Note that Hull and White (2000a) use the first difference in forward rates (not the first difference in 
their logarithms) for the PCA.   31 
it is just noise. As we have priced all the caps we have also backed out the option or 
caplet Greeks over a sample period from the 26
th June 2000 to the 17
th February 2006. 
As  mentioned  these  measures  are  not  static,  but  are  interdependent  and  change 
constantly.  
 
We have the caps sensitivity to changes in the volatility of the forward rate (Vega), 
for a sample of the caps at certain points in time. Next, we then back out from the 
PCA an estimate of volatility of the term structure at that point in time. We look to 
accomplish this by taking our data set, which is the log differences in the rates across 
our sample, and then use the matrix of values produced to perform the PCA. As the 
first factor explains the most variance and suggests that shifts upward in the level of 
the  yield  curve  lead  to  increased  volatilities.  Once  we  have  the  first  factor,  we 
multiplied  each  of  our  original  data  points  by  the  first  factor  which  would  be 
explaining in the region of 80 to 90% of the variation in the data points. From that 
first factor, given the level of interest rates, we conduct an Ordinary Least Squares 
(OLS)  regression  of  the  sensitivity  on  the  volatility,  as  backed  out  from  the  first 
component of the PCA. This would possibly give us an estimate of how the cap price 




5.1 The PLA approach 
We set up a benchmark PLA strategy with the available data set. We refinanced one 
of the six month debt lines every month and one of the five year debt lines every 
quarter as set out earlier. With the portfolio working we calculated the average rates 
of  the  debt  lines  for  that  month.  That  is  to  match  the  PLA  each short  debt 
line represents  5.0%  of  the  average  interest  rate  and  each  of  the  long  debt  lines 
represents 3.5% of the average interest rate. In addition to constructing this PLA we 
created additional portfolios with different weighting schemes. The additional PLA 
strategy weights used were 50% short and 50% long (“50/50”), 70% short and 30% 
long (“70/30”), 10% short and 90% long (“10/90”) and the last portfolio weights were   32 
23.08% short and 76.92% long - equivalently each debt line had an equal weighting of 
3.846154% (“Average”). 
 
































As  expected  the  portfolios  that  have  a  greater  weighting  in  the  short  debt  lines 
(“70/30”  and  “50/50”)  had  lower  interest  rate  costs  than  the  portfolios  with  more 
weighting in the long debt lines (“10/90”, “Average” and “PLA”). This is due to the 
fact that the short rates are on average lower than the long rates. Furthermore, the 
portfolios weighted more in the long rates tended to be more stable over time, which 
is  their  rates  did  not  vary  as  much  over  the  time  period  as  the  short  weighted 
portfolios did. When the short rates increased to the level of the long rates the various 
portfolio  rates  converged.  This  meant  that  the  average  rate  of  short  weighted 
portfolios  increased  to  the  point  where  they  were  higher  than  the  long  weighted 
portfolios. 






























































By calculating the continuously compounded returns we found that the “70/30” and 
“50/50” portfolios were the most variable or most volatile of the PLA portfolios we 
created. These two portfolios had the greatest variance in their returns and as a result 
were  more  responsive  to  changes  in  market  rates.  The  “10/90”  portfolio  had  the 
lowest  variance  followed  by  the  “Average”  and  the  “PLA”  portfolios.  These 
portfolios or strategies were less responsive to changes in market conditions and so 
were more stable over the time period. The results provided by the EWMA analysis 
verify that the portfolios with a higher weighting in the short debt lines were more 
volatile than the portfolios with more weighting in the long debt lines. The above 
Sharpe ratios confirm these results as the portfolios that had more weighting in the six 
month rates had a higher borrowing cost than the strategies with more weighting in   34 
the five year rates. Below we can also see that when there is a jump in the returns of 
these portfolios it is also reflected by a higher volatility (EWMA). This shows that the 
higher volatility estimates correspond to periods of large changes in portfolio rates. 
 
5.2 Cap Prices 
The caps were priced using Black’s 1976 model as described earlier. For the data 
period each day had 40 caps consisting of 820 caplets and overall there were 63 400 
caps priced consisting of 1 299 700 caplet calculations. The value of a cap depends 
upon how variable or volatile interest rates are projected to be over the life of the cap. 
Also the farther out-of-the-money a cap is, the cheaper it will be. One result of pricing 
the interest rate caps is that the prices of the caps should increase as time to maturity 
increases, which is the longer the maturity of the cap, the more expensive the cap will 
be. We found that the three month caps were the least expensive and the ten year caps 
were  the  most  expensive.  We  found  that  the  jumps  in  the  prices  of  the  caps 
correspond to jumps in the implied volatility and forward rates of the caps. From the 
return series and EWMA analysis we noticed that there were two periods where there   35 
was high volatility or variability in the cap prices. These two periods correspond to 
periods  where  the  implied  volatility  and  forward  rates  had  sudden  adjustments  or 
shocks.  The  first  shock  was  due  to  a  sudden jump  in the  forward  rate  on  the  7
th 
February 2001 and subsequent correction on the 8
th February 2001. This event mainly 
affected the short forward rates and therefore the short caps. The three month rate 
showed a sudden jump in its rate over this period with the affect being less notable in 
the six and nine month rates. The second shock occurs around the 10
th June 2003 and 
corresponded  to  a  drop  in  the  forward  rate  as  well  as  a  substantial  jump  and 
subsequent correction in the implied volatilities. The EWMA analysis showed that 
these two periods had the most price volatility for the observation period. We also 
found that the shorter caps were more responsive to changes in the market variables 
such as the forward rate and implied volatility. The three month cap was the most 
volatile with the longer caps being less volatile or responsive to changes in the market 
variables. 
 
When scenarios (A) and (B) were implemented, the cap prices changed as expected. 
When the strike rate increased (scenario A) the price of the caps decreased and when 
the strike rate was dropped (scenario B) the cap prices increased. The further out-of-
the-money  a  cap  is,  the  cheaper  it  will  be.  The  cap  price  returns  and  EWMA  of 
scenarios (A) and (B) showed that both scenarios responded to the two major events 
differently.  Compared  to  the  original  cap  prices,  scenario  (A)  produced  a  larger 
response to the second event while scenario (B) produced a relatively larger response 
to the first event. The reason for the smaller response to the first event in scenario (A) 
could be that the elevated strike rate offset the jump in the forward rate on that day. 
What's more, the relatively smaller response to the second event in scenario (B) could 
as a result of the drop in the forward rate being offset by the reduced strike rate. The 
EWMA analysis showed that the shorter maturity caps showed more volatility in their 
prices. This could be a result of the jumps pointed out earlier in the short forward 
rates of our data. As a result of this the older maturity caps (shown in Appendix II) 
were less responsive to the first event than the short caps (three to twenty four month 
caps). Additionally, scenario (A) produced larger spikes or changes in the EWMA for 
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The above graphs show that if the cap is OTM (Scenario A), it costs less than a cap 
that is ITM (Scenario B). Also, as the period to maturity got longer the caps cost 
more;  longer  dated  caps  cost  more  than  shorter  dated  caps.  When  there  was  an 
increase  in  the  implied  volatility  of  the  underlying,  the  caps  price  increased  (the 
second event identified earlier). The above graph “Main Cap EWMA’s vs. 1 Year 
Volatility” shows how the second jump in prices, returns and EWMA was due, in 
part, to a large jump and fall in the implied volatilities. A graph of the rest of the 
volatilities can be found in Appendix I. The Sharpe ratios calculated show that the 
cost of borrowing is higher for shorter maturity caps than for longer maturity caps. 
Consistent with the previous results, the periods where the Sharpe ratios were at their 
highest  correspond  to  the  same  periods  where  the  cap  prices  had  their  highest 
volatility.  Furthermore,  the  costs  of  borrowing  increased  with  scenario  (B)  and 
decreased with scenario (A) when compared against the original Sharpe ratios. This 
would be due to the fact that the cap prices in scenario (B) were higher and the cap 





























































































































































































































































As we priced the caps we also backed out the caplet Greeks over a sample period 
from the 26
th June 2000 to the 17
th February 2006. The Greek that we intend to use 
later in our PCA is the caps Vega. The Vegas calculated from the data set are shown 
below and all the sensitivities were given equal weighting. 
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Next  we  arranged  the  interest  rate  caps  into  portfolios  so  as  to  match  the  PLA 
strategy. We also created portfolios of caps with different maturities so as to compare 
them against the different PLA strategies calculated earlier. This was done in an ad 
hoc manner with cap maturities of 6, 12, 24, 36, 48 and 60 months. Some of the 
portfolios created are as follows:  
 
￿  6 & 12 (Refinanced Monthly) month Caps,  
￿  6 & 12 (Refinanced Quarterly) month Caps,  
￿  6 & 24 month Caps,  
￿  6 & 36 month Caps,  
￿  6 & 48 month Caps,  
￿  6 & 60 month Caps  
￿  6, 12 (Refinanced Quarterly), 36 & 60 month Caps and,  
￿  6, 12 (Refinanced Monthly), 36, 48 & 60 month Caps (All Caps). 
 
Understandably, the more caps in the portfolio the more expensive the portfolio was. 
Furthermore, the portfolios with longer dated caps or caps with greater maturities 
were more expensive. In addition to having the cap portfolios in terms of the cap 
prices we also created the portfolios in terms of the cap strike rates. Initially the cap 
portfolios with shorter maturities had lower average strike rates. As time progressed 
the cap portfolios with shorter maturities fluctuated and then increased so that the cap 
portfolios with medium maturities then had the lower strike rates. At the end of the 
period it was the 6 & 36 month Caps and 6 & 48 month Caps that had the lower strike   39 
rates. Whereas, the short maturity cap portfolios had the highest strike rates. This is 
consistent  with  the  results  of  the  various  PLA  strategies.  The  longer  maturity 
portfolios showed that they were more stable over time as they had lower variations in 




































The Sharpe ratios (shown above) show that again the shorter maturity caps, such as 
the 6 & 12 month Caps and 6 & 12 (Refinanced Quarterly) month Caps, had higher 
borrowing costs as compared to the other portfolios. The returns produced show that 
the short maturity cap portfolios had larger and more frequent spikes in their returns. 
The EWMA analysis confirmed this, as below the graph shows how the short maturity 
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5.3 Cap Strategies vs. PLA Strategies 
When  we  compared  the  results  of  our  cap  portfolios  against  those  of  the  PLA 
portfolios we found that the cap portfolios generally had a lower average rate. The 
“70/30” portfolio was the lowest of the PLA strategies and it was matched closest by 
the “6 & 24 month Cap” portfolio. The “6 & 12 (Refinanced Monthly) month” and “6 
& 12 (Refinanced Quarterly) month” Caps had the lowest rates overall and were only 
matched by a PLA portfolio with a weighting of 90% short and 10% long. The cap 
portfolios that provided the most stability over the period were the portfolios that had 
caps with longer maturities, such as the “All Caps” strategy. These results confirm 
what we found earlier, that is the strategies or portfolios which had more weighting in 
shorter maturity debt lines or caps would have lower average rates due to the fact that 
short rates are usually lower than long rates. The graph below shows these results, it 
shows how the cap strategies have lower average rates than the PLA strategies with 
the “10/90” strategy being the highest. It also shows how the strategies even out near 
the end of the period with the cost of borrowing in the shorter maturity portfolios 
increasing above the longer maturity portfolios. 
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The  results  are  summarised  in  the  table  and  graphs  below.  The  following  table 
summarises  the  average  rates  of  the  different  portfolios  calculated  as  well  as  the 
standard deviation of these portfolio rates. It also summarises the average returns and 
the standard deviation of these portfolio returns. The last column shows the Sharpe 
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Portfolio Comparisons  Average 
Interest Rates 
Std Dev. of 
Rates 
Average Returns  Std Dev. of 
Returns 
Sharpe Ratios 
6&12mth Caps  0.05376339  0.00517941  -0.00094576  0.01396159  -0.06774021 
6&12mth(Q) Caps  0.05351671  0.00530314  -0.00092401  0.01721382  -0.05367821 
6&24mth Caps  0.05443317  0.00417258  -0.00123284  0.01208554  -0.10200918 
6&36mth Caps  0.05529669  0.00348892  -0.00138328  0.01083157  -0.12770785 
6&48mth Caps  0.05597535  0.00317966  -0.00167756  0.00997984  -0.16809464 
6&60mth Caps  0.05664062  0.00303083  -0.00157885  0.00968128  -0.16308296 
6,12(Q),36&60mth Caps  0.05635711  0.00309382  -0.00163461  0.00948587  -0.17232032 
All Caps  0.05657713  0.00302924  -0.00179940  0.00857311  -0.20988860 
Average  0.06545278  0.00940610  -0.00330350  0.00697112  -0.47388336 
PLA  0.06447944  0.00906285  -0.00319002  0.00741519  -0.43020126 
50/50  0.06166755  0.00831445  -0.00285748  0.00957965  -0.29828618 
70/30  0.05885567  0.00800078  -0.00251745  0.01274111  -0.19758450 
10/90  0.06729132  0.01015028  -0.00351564  0.00663449  -0.52990353 
 
 
From the above graphs it can be seen that the cap portfolios had the lower average 
rates but they had higher standard deviations in their returns. The PLA portfolios had 
higher average rates and lower standard deviation of returns with the exception of the 
“70/30” strategy which was similar to the cap portfolio average rates and standard 
deviation of their returns. The Sharpe ratios show that the PLA portfolios had lower 
costs of borrowing as compared to the cap portfolios. 
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5.4 Principal Component Analysis 
Principal component analysis is a good method to assess what factors are driving the 
structure of forward rates. This could possibly provide an insight into the relationship 
between  forward  rates  and  the  changes  in  implied  volatility,  seeing  as  both  are 
determined by investor expectations and are the major determinants of the interest rate 
cap premium. After conducting unit root tests of the first differenced logarithms of the 
zero rates and forward rates we found that they were stationary, and did not exhibit 
the unit root problem. The general finding here is that the PCA of the zero rates 
matched the literature more closely than the PCA of the forward rates. The zero rate 
PCA captured the four main factors well, whereas the forward rate PCA had a flat 
first factor and an increasing second factor while the third and fourth factors were less 
consistent with the literature. One of the other characteristics of the forward rates 
observed here is that the rates at the short end are less correlated than the long rates. 
That is the 3-month and 6-month forward rates are less correlated than the 117-month 
and 120-month rates. 
 
The first factor should be relatively flat across the zero and forward rate maturities 
and therefore would induce a roughly parallel shift in the yield curve. This first factor 
should also explain the majority of the variance and in our results the first factor 
explained  90.24%  of  the  zero  rate  and  78.99%  of  the  forward  rate  variance.  The 
second factor dropped the short rate but increased the long rate for both the zero and 
forward rate. Therefore  an upward movement in the second component induces  a 
change in the slope of the yield curve. The first two factors combine to generate an 
upward-sloping mean yield curve and explained 96.07% of the zero rate and 88.88% 
of the forward rate variance. The third (curvature) factor contributes positively to the 
middle of the yield curve and negatively to both ends of the curve for the zero rates 
PCA.  It  thus  enhances  the  curvature  of  the  yield  curve,  all  as  a  function  of  the 
maturity of the zero rates. However, it had a different result on the forward rates, 
where the factor contributed positively to the very short end as well as the middle 
section of the rates. The fourth factor of the zero rates PCA affected the short rates 
positively while affecting the very short and long rates negatively. This factor was 
slightly different for the forward rates PCA as the middle rates experienced a positive 
jump in the factor. Zero rates and forward rates are a highly correlated term structures   44 
and the interpretation of eigenvectors as the level factor, the slope factor, and the 




PCA of Zero & Forward Rates  Factor 1  Factor 2  Factor 3  Factor 4 
Zero Rates Eigenvalue  36.09387  2.333873  0.871547  0.40429 
Zero Rates Variance Prop.  0.902347  0.058347  0.021789  0.010107 
Zero Rates Cumulative Prop.  0.902347  0.960694  0.982482  0.992589 
Forward Rates Eigenvalue  31.59852  3.955869  1.333586  0.965397 
Forward Rates Variance Prop.  0.789963  0.098897  0.03334  0.024135 
Forward Rates Cumulative Prop.  0.789963  0.88886  0.922199  0.946334 
 
In addition to our analysis of the zero and forward rates we conducted PCA on the 
raw zero and forward rates as well as the cap prices and the returns (log differences) 
of the cap prices. The results of the PCA on the raw rates were interesting as they 
produced the first two factors with opposite signs to that of the analysis on the first 
differenced logs. The first factor in the raw zero rate analysis explained 86% of the 
variance while the first factor in the raw forward rate analysis explained 80% of the 
variance in the forward rates. This is interesting as the first factor explains (slightly) 
more variance in the raw forward rate analysis than when done on the log differences. 
Also, all four factors in the raw forward rate PCA explains 99.5% of the variance 
compared to 94.6% in the log differenced PCA. The third factor had the same sign 
and  shape  as  the  earlier  analysis  while  the  fourth  factor  had  changed  from  the 
previous analysis. We found that the PCA of the cap prices produced factors similar   45 
to that of the literature. However, we found that the cap prices exhibited the unit root 
problem. The cap price returns on the other hand did not have the unit root problem 
and produced the same factors as identified earlier, with the exception that the signs 





PCA of Cap Prices  Factor 1  Factor 2  Factor 3  Factor 4 
Returns Variance Prop.  0.775367544  0.129588328  0.048594178  0.017815074 
Returns Cumulative Prop.  0.775367544  0.904955872  0.95355005  0.971365124 
Price Variance Prop.  0.894095224  0.083629848  0.014175983  0.005549806 
Price Cumulative Prop.  0.894095224  0.977725072  0.991901054  0.997450861 
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We were also attempting to show changes in the option sensitivity to interest rates as 
a function of the first factor in the PCA. This will potentially show that there is a 
statistical  link  between  our  PCA  analysis  and  the  cap sensitivity  to  interest  rate 
changes and or in the cap prices. If the first factor is the most important and this 
suggests that shifts upward in the level of the yield curve will also lead to increased 
volatilities. We compared the cap Vegas to the PCA’s first factor of the forward and 
zero rates. The result found was that there was a much bigger relation between the 
Vegas  and  the  first  factor  of  the  forward  rate  PCA.  The  relationship  was  much 
stronger for the longer rates than for the short rates. The R-squared of the regressions 
went from 32% for short rates to 92% for long rates. This shows changes in the cap 
sensitivity to interest rates as a function of the first factor in the PCA of the forward 
rates. When this analysis was done on the zero rates there was diminished link or 
relationship, with the long maturity Vegas only explaining 50% of the variation in the 
zero rates. Furthermore, we conducted the analysis using the actual cap prices in the 
place of the cap Vegas. We found less of a link or relationship to the first factor of the 
PCA for both the forward and zero rates (Maximum R-squared was 50% for the long 
maturity cap prices). 
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Additionally, there is a positive and significant slope coefficient in the regression of 
the Vega on the forward rate PCA. All the coefficients have very small p-values for 
their  t-tests  meaning  that  they  were  statistically  significant  at  the  1%  level  of   47 
confidence. This  gave  an estimate of how the  cap prices  change as  a  function of 
changes in the level of interest rates, as backed out from the PCA of the forward rates. 
That is, the longer maturity caps were more sensitive to the changes in the level of the 
forward rates. The slopes and R-squares got steeper and bigger as time to maturity 
increased. The R-squares of the Vega and cap price analysis against the first factor of 
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6. Conclusion 
 
The question being asked is a practical one in nature and is relevant and important: is 
it better to hedge borrowing by averaging the cost across a portfolio of loans and time 
or use interest rate caps?  Significant factors in managing the interest rate risk include 
the frequency, volatility and direction of rate changes, the slope of the interest rate 
yield curve, the size of the interest-sensitive position and the basis for repricing at 
rollover dates. A variety of models of interest rate dynamics have been proposed in 
the literature to value interest rate contingent claims such as interest rate caps. The 
standard  market  model  for  valuing  caps  is  Black’s  (1976)  model  which  we 
implemented. We found that the interest rate cap portfolios did have, on average, 
lower rates over the period but they also had higher volatility and borrowing costs. 
The portfolios with more weighting in the longer maturity debt lines and caps were 
more stable over the data period.  
 
Principal component analysis was used to get a handle on what drives changes in the 
term structure, determine the number of factors and also identify the shape of the 
volatility functions. The first factor is shown to be the most important factor and also 
suggests that shifts upward in the level of the yield curve will also lead to an increase 
in volatilities. This analysis gave us some insight into how changes in the sensitivity 
of the cap prices are related to changes in the level of interest rates. This analysis did 
help us understand the factors that affect forward rates and cap prices. That is, the 
longer maturity caps were more sensitive to the changes in the level of the forward 
rates. In addition, the R-squares increased as time to maturity increased with each 
having a positive and significant slope coefficient in the regression of the Vega on the 
forward rate PCA.  
 
Clearly, hedging with interest rate caps will get the job done. The relative costs of the 
two policies depend on the interest rate environment. If the yield curve shifts up and 
becomes more volatile, then our analysis suggests that the price of caps will increase. 
In recent years we have had a fairly benign interest rate environment with low and 
stable rates. On the other hand there are greater gains from hedging in a more volatile   49 
environment. Our results are also conditioned by the interest rate environment in the 
sample period used for the analysis. 
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Appendix II – Other Cap Price EWMA’s 
 
 
These are the cap price EWMA’s for the 27 month cap to the 120 month cap. 
 
 
 
 
 
 
 
 